All possible Poisson-Lie (PL) structures on the 3D real Lie group generated by a dilation and two commuting translations are obtained. Their classification is fully performed by relating these PL groups with the corresponding Lie bialgebra structures on the corresponding 'book' Lie algebra. By construction, all these Poisson structures are quadratic Poisson-Hopf algebras for which the group multiplication is a Poisson map. In contrast to the case of simple Lie groups, it turns out that most of the PL structures on the book group are non-coboundary ones. Moreover, from the viewpoint of Poisson dynamics, the most interesting PL book structures are just some of these non-coboundaries, which are explicitly analysed. In particular, we show that the two different q-deformed Poisson versions of the sl(2, R) algebra appear as two distinguished cases in this classification, as well as the quadratic Poisson structure that underlies the integrability of a large class of 3D Lotka-Volterra equations. Finally, the quantization problem for these PL groups is sketched.
Introduction
Poisson-Lie (PL) groups are Poisson structures on a Lie group G for which the group multiplication is a Poisson map. They were introduced by Drinfel'd [1, 2] in connection with quantum groups, which are just Hopf algebra quantizations of PL structures (see [1] - [12] and references therein). Therefore, PL groups are Poisson-Hopf algebras endowed with a coproduct map ∆ ∆ :
which is directly induced from the group multiplication. In such Hopf algebraic setting the associativity of the group law for G is translated into the coassociativity property for ∆
and the Poisson map condition for the group multiplication is written as the homomorphism condition for the coproduct map {∆(a), ∆(b)} = ∆({a, b}) ∀ a, b ∈ C ∞ (G).
from which δ can be recovered.
A Lie bialgebra (g, δ) is called a coboundary one when there exists a skewsymmetric element r of g ⊗ g (the classical r-matrix) such that the cocommutator δ is given by
We stress that in order to ensure that (6) 
Therefore, the classification (modulo equivalence under automorphisms) of the constant skewsymmetric solutions of the mCYBE on a given Lie algebra g provide the classification of coboundary PL structures on the (connected and simply connected) group G. For semisimple Lie algebras all Lie bialgebra structures are coboundaries, and the PL classification problem can be fully solved through the classification of classical r-matrices. Moreover, this correspondence is fully constructive since the explicit PL structure associated to a given r is provided by the Sklyanin bracket
where X L α and X R α are, respectively, left and right invariant vector fields on G. But if the group G is not semisimple then non-coboundary Lie bialgebras (and, therefore, noncoboundary PL groups) can appear. Indeed, a glimpse on the paper [13] (in which the Lie bialgebra structures for all 3D real Lie algebras are fully classified) makes evident that non-coboundaries are the dominant structures for 3D non-semisimple PL groups. We stress that in such non-coboundary cases no Sklyanin bracket is available and the corresponding PL structures have not been -in most of the cases-constructed. Despite of this fact, the previous literature on PL groups is mainly concentrated on the coboundary cases, probably due to their universality for semisimple groups and also to the fact that their associated quantum groups can be quantized by using a quantum R-matrix of the form R = 1 + r + o[ 2 ] (the so-called FRT approach [14] ).
The aim of this paper is to get a deeper insight into non-coboundary Poisson-Lie groups by studying the classification and explicit construction of all PL group structures on the 3D real solvable 'book group' [6, 15] . We will show that, firstly, all non-coboundary PL structures can be explicitly obtained; secondly, that these PL groups present a wide range of applications and, finally, that the Hopf algebra quantization for non-coboundary structures is also feasible.
In the next section the definition and notations concerning the book Lie group and algebra are presented. In section 3 all possible PL structures on the book group are obtained by direct computation as the set of all possible quadratic Poisson structures that are compatible with the coproduct induced by the book group multiplication law. This result is put into exact correspondence with the equivalence classes of Lie bialgebra structures on the book Lie algebra given in [13] , that contains 9 classes of PL structures from which 7 of them are non-coboundaries. The next sections are devoted to the specific analysis of three distinguised non-coboundary PL book groups. In section 4 we show that the first of them underlies the integrability of a wide class of 3D Lotka-Volterra (LV) equations and, from the perspective proposed in [16] , the generic multiparametric PL book group obtained in section 3 provides integrable perturbations of such set of LV equations. Also, the Hopf algebra quantization of this LV structure is obtained, leading to a quantum euclidean algebra. In section 4, by performing a suitable change of local coordinates on the book group that includes a new 'quantum' deformation parameter, the Poisson version of the standard q-deformation of sl (2) is obtained as one of the equivalence classes of PL structures for specific values of the parameters. We mention that this result was already obtained in [17] , but here we put it into a global classification perspective that stresses the role of the Lie bialgebra parameters. Similarly, in section 5 we work out in detail the Poisson version of the non-standard q-deformation of sl(2) as a third distinguished non-coboundary PL book group, and we recall the applications of this Poisson structure in order to construct integrable models on N -dimensional curved spaces. Section 6 contains a summary of the properties of the remaining six classes of PL book groups, including the coboundary ones, together with several comments concerning their quantization. The paper is closed by a final section in which several remarks and future research objectives are presented.
The book Lie algebra and group
The 'book' Lie algebra r 3 
Note that although the 'book' name is taken from [6, 15] and the notation r 3 (1) from [13] , this algebra is the Bianchi V Lie algebra, the A 3,3 one in [18] and an(2) in [19] . Therefore (9) defines a solvable 3D real Lie algebra where e 3 can be interpreted as the generator of dilations while both 
and the generic Lie group element M with 'local coordinates' given by (y, z, x) reads
If we consider the new variables
we get
and the multiplication of two group elements would be
The coproduct ∆ :
of the coordinate functions on the group is the pullback of the group multiplication, therefore
Equivalently, in 'local' coordinates (z, y, x) the coproduct map would be
Within this algebraic perspective, given a Poisson-Lie structure P on C ∞ (G), the condition that the group multiplication is a Poisson map for P is rewritten as
which means that (C ∞ (G), P, ∆) is a Poisson coalgebra (a Poisson-Hopf algebra if the counit and antipode maps are included [10, 11] ).
Classification of PL structures on the book group
The following result can be proven through a long but straightforward computation:
Proposition. The most generic quadratic Poisson structure in {X, Y, Z, 1} for which the comultiplication ∆ (15) is a Poisson map is given by the brackets
We will call this six-parametric Poisson bivector as P[a, b, c, d, e, f ]. Moreover, the generic Casimir function for (18) is found to be
Consequently, we can say that (P[a, b, c, d, e, f ], ∆) is the most generic PL structure on C ∞ (G).
As we shall see in the sequel, it is also convenient to write P[a, b, c, d, e, f ] in the local coordinates (z, y, x) given by (12) . We get
and the Casimir function is now
In these local coordinates the linearization P 0 of (20) is straightforwardly obtained as
This Lie-Poisson bracket P 0 will play a relevant role in what follows, as it contains the information concerning the connection between equivalence classes (under group automorphisms) of the PL structures included in the generic bracket P[a, b, c, d, e, f ] and the (tangent) Lie bialgebra structures on r 3 (1).
Coboundary structures
As a first step in the classification problem for P[a, b, c, d, e, f ], we can investigate for which values of the parameters we have a coboundary PL group. Therefore, we write the most general skewsymmetric candidate for constant classical r-matrix on the book Lie algebra r 3 (1):
where (r 12 , r 13 , r 23 ) are free real parameters, and where we have to impose that r is a solution of the mCYBE (7). We find that this equation gives no restriction on the r ij parameters, thus (23) is the most general constant classical r-matrix for r 3 (1).
As a consequence, the Sklyanin bracket (8) induced by (23) can be computed by considering the left and right invariant vector fields on the book group
and we finally obtain
{y, z} = −r 12 (1 − exp(−2x)) − r 23 y + r 13 z.
After passing to the X, Y, Z variables, we obtain the most general coboundary PL bracket
which is a particular case of P[a, b, c, d, e, f ] with
Therefore, we will have non-coboundary PL structures when either b = 0 or c = 0 or e = 0.
Classification of Lie bialgebra structures on r 3 (1)
The essential tool in order to obtain the complete classification of PL structures on C ∞ (G) is their one-to-one correspondence with Lie bialgebra structures on the Lie algebra g = Lie(G). Thus, in order to get the full chart of equivalence classes of PL structures on G we have to look at the classification (under Lie algebra automorphisms) of Lie bialgebra structures on r 3 (1), which was fully completed in [13] for all real 3D Lie algebras.
If we look carefully at Gomez's classification for r 3 (1), by taking into account the following change of basis, e 1 = e 1 e 2 = e 2 e 3 = −e 0 .
we get nine different classes of Lie bialgebra structures for r 3 (1), whose precise correspondence with our (a, b, c, d, e, f ) parameters is given in Table 1 . For each of the Gomez cases, such correspondence is obtained by writing the cocommutator δ of the Lie bialgebra and by identifying its dual map δ * with the linearized Poisson-Lie bracket (22) . Thus, we conclude that we have nine inequivalent (under group automorphisms) classes of PL structures on the book group, that would be explicitly obtained by substituting the values of the (a, b, c, d, e, f ) parameters into the full PL bracket expressions (18) or (20) . Table 1 . Correspondence with the classification [13] of Lie bialgebra structures on r 3 (1).
Several comments on Table 1 are in order:
• The parameters λ, α, ω from [13] are nonzero real ones. As far as the equivalence classes are concerned, λ is an essential parameter, α can be rescaled to any nonzero value and ω can be rescaled to any nonzero value of the same sign.
• The only coboundary cases are A and B: in fact, they correspond to the PL groups generated by the r-matrix with f = r 12 = 0 and d = r 13 = 0, respectively.
• Note that the parameter a always vanishes, since the Lie algebra automorphism that interchanges e 1 and e 2 would interchange a and d. Therefore the third coboundary case a = r 23 = 0 is equivalent to case B.
• The seven remaining cases are non-coboundary ones, and several of them are multiparametric.
For the sake of simplicity, in the rest of the paper we will use the (a, b, c, d, e, f ) parameters, although we will deal only with the nine inequivalent cases given in Table 1 .
The classical r-matrix approach
It is interesting to note that, although the generic Poisson bracket P[a, b, c, d, e, f ] is not a coboundary structure, it can be written in the classicalr-matrix form
withr being the 9 × 9 matrix
As expected, the matrixr satisfies the classical Yang-Baxter equation only when b = c = e = 0 (the coboundary cases). In that situationr is nilpotent of order 2 and coincides with the r-matrix (23) taken in the fundamental representation (10) . Moreover, the matrix R = 1 +r 
is an upper-triangular constant solution of the quantum Yang-Baxter equation R 12 R 13 R 23 = R 23 R 13 R 12 .
A Lotka-Volterra PL group
In this and the following sections we explicitly analyse the Poisson dynamics of three of the noncoboundary PL groups that we have identified in the previous section. In particular, let us now consider the case C in Table 1 , namely P[0, b, 0, 0, 0, 0] given by the Poisson brackets
and the Casimir function
It is interesting to note that if we consider the new {J 3 , J ± } coordinates on the book group defined by
where ϕ = 0 is an additional real parameter, the Poisson structure (34) is rewritten as
the Casimir function reads C = J + J − and the coproduct map (15) is transformed into
where we recognize the usual shape of coproducts in 3D quantum algebras [10, 11] provided that ϕ is interpreted as the 'quantum' deformation parameter.
Moreover, (35) is just the Poisson version of the (1+1) Poincaré-Hopf algebra in a 'null-plane' basis (note that in the literature this is frequently called the pseudoeuclidean algebra, in which the parameter b/2ϕ can be reabsorbed through an automorphism).
Integrable Lotka-Volterra dynamics
An immediate application arises from the fact that (32) is a particular case of the three-parametric homogeneous quadratic Poisson structure [20, 21, 22 ]
that underlies the integrability properties of a large family of 3D Lotka-Volterra systems (see [16] and references therein). In fact, if we consider the Hamiltonian function
and the Poisson bracket (32), the Hamilton equationsḞ = {F, H} reaḋ
and this LV system has (37) and (33) as integrals of the motion in involution.
Moreover, following [16] we can consider the full PL bracket on the book group P[a, b, c, d, e, f ] as a deformation of P[0, b, 0, 0, 0, 0]. In this way, the same Hamiltonian (37) leads to the five-parameter integrable perturbation of the LV system (38) given by:
Again, both the Hamiltonian (37) and the Casimir function (19) are integrals of the motion in involution for this system.
Note that the system (39) contains polynomial and rational perturbation terms with respect to (38) , and some choices of the 'deformation' parameters (a, c, d, e, f ) could lead to regimes with saturation rates that could be worth studying from the integrable dynamics viewpoint (see [23] and references therein).
Quantization
Since the PL group (32) is not a coboundary one, its quantization cannot be addressed through the quantum R-matrix formalism. Nevertheless a direct approach to the Hopf-algebra quantization of (32) and (15) is feasible and leads to the q-commutation ruleŝ
together with its compatible coproduct
where q = e ϕ . By assuming thatX is invertible, the quantum Casimir operator for (40) is found to beĈ =X −1ŶẐ .
Obviously, if we define the 'classical' limit of the commutation rules (40) as
and by taking lim ϕ→0â = a and lim ϕ→0b = b we recover (32) . Therefore, the non-commutative and non-cocommutative Hopf algebra defined by (40) and (41) can be interpreted as a 'quantum book group', since {X,Ŷ ,Ẑ} are the non-commutative entries of the 'quantum matrix'
In this context the 'quantum book plane' would be the non-commutative algebra generated by {ŷ,ẑ} and such thatŷẑ − q bẑŷ = 0,
since it can be straightforwardly checked that if we define the (left) co-action ofM on the noncommutative space {ŷ,ẑ} in the form
the covariance relationŷ ′ẑ′ − q bẑ′ŷ′ = 0 holds.
Finally, we stress that by performing a nonlinear change of basis of the type (34) it is straightforward to prove that the Hopf algebra (40) and (41) is isomorphic to the quantum (1+1) Poincaré algebra firstly introduced in [24, 25] (see also [26] ) in which the commutation rules are just the (non-deformed) Poincaré ones analogous to (35) but the coproduct is deformed following (36).
sl q (2) Poisson coalgebras as PL book groups
In this section we will show that the Poisson analogues of the two q-deformations of sl(2) are just the PL book groups D and I, provided certain specific values of the Lie bialgebra parameters are considered. In this way, the rich classical dynamics associated to these two q-Poisson deformations (see [27, 28, 29] and references therein) can be interpreted in a Poisson-Lie context. Moreover, the quantization of the two PL groups will give rise to the two (standard and non-standard) quantum sl(2) algebras.
The standard q-deformation of sl(2)
Let us start by applying the change of coordinates (34) to the full family of PL book groups (18) . We obtain
where we recall that ϕ is an additional 'deformation' parameter. In these new local coordinates the Casimir function (19) reads
and the coproduct map is (36) , which is compatible with (47) 
we recover the 'standard' q-deformation [2, 30, 31] of the sl(2) Poisson algebra given by [27, 32] 
where q = e ϕ and the Casimir function (48) is shown to be proportional to the well-known qdeformed sl(2) CasimirC = sinh 2 (ϕJ 3 )
Note that the limit ϕ → 0 of (50) leads to a linearized structure that is exactly the sl(2) LiePoisson algebra. This is fully consistent with the book Lie bialgebra classification given in [13] , since its case (1) gives sl(2) as the dual Lie algebra arising from the cocommutator. Among the applications of the Poisson coalgebra (50) we recall the q-deformation constructed in [27, 32] of the Calogero-Gaudin system [33] .
Therefore, we can conclude that the Poisson analogue of the standard q-deformation of sl(2) is just a specific PL structure on the book group, and the q-deformed coproduct (36) is just the book group product law in a specific set {J 3 , J ± } of local coordinates. It is worth recalling that the construction of Poisson sl q (2) as a PL group structure on SB(2, C) was already given in [17] , but here we obtain it as a particular case of the full book group classification of PL structures.
The non-standard q-deformation of sl(2)
The non-standard (or 'jordanian') q-deformation of sl (2) is generated by the twist operator firstly introduced in [34, 35] (see also [36] for the application of the Jordanian twist operator to integrable models). The Poisson analogue of this quantum algebra can be also obtained as the I case in the PL classification of Table 1 through the change of book group coordinates given by
Now the generic PL book group reads
with the coproduct
Now, in order to identify the non-standard q-deformation (q = e h ) we take the non-coboundary I case P[0, 0, c, d, 0, 0] and we choose
In this way we get the Poisson brackets
whose Casimir can be shown to be proportional to the functioñ
As expected, the limit h → 0 of this deformation leads to a linearized structure that is again the sl(2) Lie-Poisson algebra, since the corresponding case (3) in [13] gives again sl(2) as the dual Lie algebra.
From the point of view of applications, we recall that the dynamics on P[0, 0, 4z, 2, 0, 0] has been extensively explored in [28] , where it has been shown that the N -dimensional Hamiltonian given by the N -th coproduct ∆ (N ) of the J + coordinate
defines a (quasi-maximally) superintegrable geodesic flow on a ND hyperbolic space with nonconstant scalar curvature K given by
where r is a radial coordinate of the space. Also, the geodesic flow on the ND hyperbolic space with constant scalar curvature z can be obtained as another dynamical system defined on N copies of P[0, 0, 4z, 2, 0, 0] and whose Hamiltonian is
Moreover, superintegrable potentials on these spaces have been obtained in [37] by making use of the underlying coalgebra symmetry, that now can be interpreted as the invariance of the Poisson structure (57) under the book group multiplication.
Quantization
Similarly to the case of the Lotka-Volterra Poisson structure, the PL groups (50) and (57) are not coboundaries and cannot be quantized through the quantum R-matrix formalism. Nevertheless, the Hopf algebra quantization of both PL groups is well known: in the case of (50) is the standard (or Drinfel'd-Jimbo) quantum deformation of the universal enveloping algebra of sl(2) [2, 30, 31] and for (57) we obtain the non-standard or Jordanian quantum sl(2) algebra, whose q-deformed representation theory is also known [38] .
Moreover, the quantization of an algebra of the type (47) was obtained in [39] by applying a power series Hopf algebra quantization procedure and by imposing order by order the compatibility between the deformed commutation rules and a coproduct map of the type (36) (see eq. (3.14) in [39] ). By taking the specific values of the parameters coming from Table 1 , within this family of quantum algebras one can recover the quantum versions of the two-dimensional Euclidean and Poincaré algebras, as well as the quantum Heisenberg algebra (see [39] and references therein). From the viewpoint of the present paper, all these three-dimensional quantum algebras are just Hopf algebra quantizations of different PL structures on the book group. 6 The rest of PL structures on the book group A short disgression on the rest of the non-equivalent PL book groups is in order. Essentially, in all the cases Poisson analogues of the quantum deformations of many 3D real algebras are obtained. These algebras can be easily identified within the linearized PL structure which, in turn, is isomorphic to the dual lie algebra g * in [13] .
The coboundary cases
In the A case P[0, 0, 0, 0, 0, f ] the PL group would be given by
with Casimir C = f (1 + X 2 )/X, which means that X is also a central function. In the coordinates (34) we have
and if we take f = 1/4ϕ together with (36) we obtain the Poisson analogue of the quantum Heisenberg algebra firstly introduced in [40] . This coboundary Poisson structure was already presented in [41] , and has been also recently considered in [42] .
A similar analysis can be performed for the B structure P[0, 0, 0, d, 0, 0] (we recall that the case P[a, 0, 0, 0, 0, 0] is equivalent to B through an automorphism). We get
with Casimir C = d Y (X − 1)/X. In the coordinates (52) we have
together with (54) , and if we take d = 1 we get the Poisson analogue of the non-standard quantum deformation of the (pseudo)Euclidean algebra given in [43] .
Since both PL groups are coboundaries, the Hopf algebra quantization problem for (62) and (64) can be directly addressed through the RTT formalism [14] by making use of the quantum R-matrix (31) . Moreover, the star-product quantization of (63) was presented in [41] , and the quantum analogue of (65) is also known (see [39, 43] and references therein).
The non-coboundary ones
The case E corresponds to P[0, 0, c, 0, c, f ] and the PL bracket coming from (34) is
where the Casimir function is C = 2f cosh(2ϕJ 3 ) + c J 2 + + cJ 2 − . By making c = ϕ, f proportional to 1/ϕ and depending on the sign of f we get the Poisson analogue of the (standard) quantum so(3) or so(2, 1) algebras (see [44] and references therein).
Case F is P[0, 0, c, 0, c, 0] , which is just the f → 0 limit of the previous PL group (66), that correspond to a Poisson euclidean algebra with non-deformed commutation rules (albeit with deformed coproduct given by (36) ).
Case G is obtained by considering P[0, 0, c, 0, 0, 0], and from (34) we get
which is a (non-deformed) Poisson-Heisenberg algebra with deformed coproduct (36).
Finally, case H is the PL group given by P[0, 0, c, 0, 0, f ]
with Casimir C = 2f cosh(2ϕJ 3 ) + c J 2 − . Under analogous assumptions for the c and f parameters we get Poisson analogues of the standard quantum deformations of the euclidean e(2) and pseudoeuclidean e(1, 1) algebras given in [44] .
Concluding remarks
We have presented a systematic construction and classification of the PL structures on the real 3D book group. Since the book Lie algebra is not semisimple, we have found that most of such PL groups are non-coboundary ones. Nevertheless, we have shown that these non-coboundary PL structures do present interesting dynamical features and can be quantized as Hopf algebras, which motivates a more detailed study of PL structures on other non-simple Lie groups. Namely, the full classification and construction of PL structures on all real 3D Lie groups will be presented elsewhere [45] , and the dominant role played in the non-semisimple cases by noncoboundary structures will arise again, as expected from [13] . In this context, it is important to stress that working on different groups would imply to consider different comultiplication maps ∆ under which the corresponding PL structures will be invariant.
This classification program of PL groups is also motivated by the physical significance of quadratic (Poisson) algebras in the theory of integrable and/or exactly solvable Hamiltonian systems (see, for instance, [46, 47, 48] ). As we have shown in the case of Lotka-Volterra equations, it could happen that many relevant quadratic Poisson algebras could find a group theoretical interpretation as PL structures on certain (possibly non-simple) Lie groups.
Finally, it is interesting to mention that the book Lie algebra r 3 (1) is isomorphic to the so-called (2+1) κ-Minkowski non-commutative spacetime [49, 50] 
wherex 0 is the (non-commutative) time 'coordinate',x 1 andx 2 are the space ones and κ is the quantum deformation parameter related with the Planck energy scale. In this context it has been noticed in [51] that the ordered plane waves on κ-Minkowski spacetime would be given by e i k µx µ , which can be properly regarded as a book-group element M (13) and where our coordinates (z, y, x) would be directly related with the components of the wave vector. Therefore, the possible dynamical significance of all the PL structures here presented is worth to be studied from this perspective, which is also motivated by the recent interest on the role of PL structures and Lie bialgebras in 3D gravity [19, 52, 53, 54, 55] .
